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1. Introduction
Several authors have introduced operational quantities q in order to characterize the class Φ+ of the upper semi-
Fredholm operators as follows: q(T ) > 0 ⇐⇒ T ∈ Φ+ , and a similar development have been done for the class Φ− of the
lower semi-Fredholm operators [3,7,8,10,12–14,16]. In [8], the authors studied the relations among many of these quantities.
Moreover, the perturbation radius d+ for Φ+ is deﬁned as follows. Given a bounded operator T ∈ L(X, Y ),
d+(T ) := dist
(
T ,Φ+(X, Y )c
)
,
where Φ+(X, Y )c := L(X, Y ) \Φ+(X, Y ). Note that d+(T ) is the radius of the biggest open ball centered in T and contained
in Φ+(X, Y ).
Given operational quantities q1 and q2, we write αq1  q2 if there is a number α > 0 such that αq1(T )  q2(T ) for
every T ; we say that they are equivalent (and write q1 ≈ q2) if αq1  q2 and βq2  q1; and we write q1 ≺ q2 if αq1  q2 but
they are not equivalent. Using this notation, the following diagram summarize the results obtained in [8] for the quantities
characterizing Φ+ . We refer to that paper for the deﬁnitions of the quantities.
s∗ j ≺ isj ≺ in+  d+
 
hb ih

hcb
We observe that the quantities are classiﬁed in three equivalence classes, and that all of them are smaller than the pertur-
bation radius d+ . Moreover, a similar diagram was obtained in [8] for the quantities characterizing Φ− , and the questions
whether in+ is equivalent to d+ , and in− (the quantity for Φ− corresponding to in+) is equivalent to d− were stated as
open problems. Recall that in+ is deﬁned in the operator T ∈ L(X, Y ) by
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where T JM is the restriction of T to M and the inﬁmum is taken over all closed inﬁnite-dimensional subspaces M of X .
In this paper we ﬁnd a sequence of operators (Tn) in Φ+ such that
in+(Tn)/d+(Tn) → 0 and in−
(
T ∗n
)
/d−
(
T ∗n
)→ 0,
where T ∗ is the conjugate operator of T . Since T ∈ Φ+ if and only if T ∗ ∈ Φ− , this sequence gives a negative answer to
both problems.
We observe that a positive answer to these problems would have been more interesting because in+(T ) and in−(T ) are
deﬁned in terms of the action of the operator T , while d+(T ) and d−(T ) are deﬁned in a formal way, in terms of the sets
Φ+(X, Y ) and Φ−(X, Y ), and it is unlikely that there is an expression for them in terms of the action of the operator. So it
is interesting to ﬁnd pairs of Banach spaces X, Y such that in+ is equivalent to d+ (or in− to d−) for operators in L(X, Y ).
In Propositions 3.5 and 3.11 we show some examples.
2. Preliminaries
Given Banach spaces X, Y and T ∈ L(X, Y ), we say that T is upper semi-Fredholm, T ∈ Φ+(X, Y ), if its null space N(T )
is ﬁnite-dimensional and its range R(T ) is closed; it is lower semi-Fredholm, T ∈ Φ−(X, Y ), if its range R(T ) is closed and
ﬁnite-codimensional in Y ; it is Fredholm if T ∈ Φ(X, Y ) := Φ+(X, Y ) ∩ Φ−(X, Y ), and it is semi-Fredholm if T ∈ Φ±(X, Y ) :=
Φ+(X, Y ) ∪ Φ−(X, Y ). For every T ∈ Φ±(X, Y ), we deﬁne the index by
ind(T ) := dimN(T ) − dim Y /R(T ) ∈ Z∪ {±∞}.
Given a closed subspace M of X , we denote by JM the inclusion of M into X . We say that K ∈ L(X, Y ) is strictly singular,
K ∈ S S(X, Y ), if there is no closed inﬁnite-dimensional subspace M of X such that the restriction K JM is an isomorphism;
it is inessential, K ∈ In(X, Y ), if for any operator S ∈ L(Y , X), I X − SK ∈ Φ(X). The classes S S and In are operator ideals in
sense of Pietsch [11], and S S ⊂ In. Moreover In is the perturbation class of Φ: given spaces X, Y for which Φ(X, Y ) = ∅,
In(X, Y ) = {K ∈ L(X, Y ): for every T ∈ Φ(X, Y ), T + K ∈ Φ(X, Y )}.
Let us denote S(X) := {M ⊂ X: M is a closed inﬁnite-dimensional subspace of X}. From the norm of an operator, de-
noted by n(T ) := ‖T‖, we derive the quantity in+ as follows.
Deﬁnition 2.1. Let X be an inﬁnite-dimensional Banach space and let Y be a Banach space. For T ∈ L(X, Y ) we deﬁne
in+(T ) := inf
M∈S(X)n(T JM).
The quantity in+ was introduced by Schechter in [12] with a different notation. It characterizes the class Φ+ as follows:
T is upper semi-Fredholm ⇐⇒ in+(T ) > 0.
A Banach space X is said to be indecomposable if it is not possible to write X = M⊕N with M and N inﬁnite-dimensional
closed subspaces of X . The Banach space X is said to be hereditarily indecomposable if every closed subspace of X is
indecomposable.
The existence of inﬁnite-dimensional (real and complex) hereditarily indecomposable Banach spaces was proved in [9].
The following result was proved by Weis [15, 2.3 Corollary] before the existence of inﬁnite-dimensional hereditarily
indecomposable Banach spaces was showed.
Proposition 2.2. Let X be a hereditary indecomposable space and let Y be a Banach space. Then L(X, Y ) = Φ+(X, Y ) ∪ S S(X, Y ).
Corollary 2.3. (See [9, Theorem 18].) Let X be a complex hereditary indecomposable space. Then for every T ∈ L(X) there exist λ ∈C
and K ∈ S S(X) so that T = λI X + K .
Proof. Given T ∈ L(X), there exists λ ∈ C such that K := T − λI X /∈ Φ+(X) [1, Theorem 1.65]. By Proposition 2.2, K ∈
S S(X). 
The following result is a direct consequence of [2, Lemma 7].
Proposition 2.4. Let Z be a ﬁnite product of hereditarily indecomposable Banach spaces. Then every T ∈ Φ±(Z) is Fredholm with
ind(T ) = 0.
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We will consider ﬁnite products of Banach spaces X1 × · · · × Xn endowed with the summing norm∥∥(x1, . . . , xn)∥∥ := ‖x1‖ + · · · + ‖xn‖.
Proposition 3.1. Let X1, . . . , Xn be complex hereditary indecomposable Banach spaces. Suppose that L(Xi, X j) = In(Xi, X j) for i = j.
Then every T ∈ L(X1 × · · · × Xn) can be written as T = A + K , where A is a diagonal operator
A =
⎛
⎜⎜⎜⎝
λ1 I1 0 · · · 0
0 λ2 I2 · · · 0
...
...
. . .
...
0 0 · · · λn In
⎞
⎟⎟⎟⎠
with λi ∈C, I i the identity operator on Xi (i = 1,2, . . . ,n), and K an inessential operator. Moreover,
d+(T ) =min
{|λ1|, . . . , |λn|}.
Proof. We denote Z := X1 × · · · × Xn . We can write
T =
⎛
⎜⎜⎜⎝
T1,1 T1,2 · · · T1,n
T2,1 T2,2 · · · T2,n
...
...
. . .
...
Tn,1 Tn,2 · · · Tn,n
⎞
⎟⎟⎟⎠ (3.1)
with Ti, j ∈ L(X j, Xi) for i, j ∈ {1,2, . . . ,n}. Then Ti,i = λi I i + Ki , with λi ∈ C and Ki ∈ S S(Xi), by Corollary 2.3. Moreover,
T j,k ∈ In(Xk, X j) for j = k, by hypothesis. Therefore
T =
⎛
⎜⎜⎜⎝
λ1 I1 0 · · · 0
0 λ2 I2 · · · 0
...
...
. . .
...
0 0 · · · λn In
⎞
⎟⎟⎟⎠+
⎛
⎜⎜⎜⎝
K1 T1,2 · · · T1,n
T2,1 K2 · · · T2,n
...
...
. . .
...
Tn,1 Tn,2 · · · Kn
⎞
⎟⎟⎟⎠ (3.2)
where the second matrix is an inessential operator because all its entries are inessential operators and In is an operator
ideal.
For the second equality, it is enough to observe that Φ+(Z) = Φ(Z) (Proposition 2.4), and that In is the perturbation
class of the Fredholm operators. Thus,
d+(T ) = dist
(
T ,Φ+(Z)c
)= dist(A,Φ+(Z)c),
and obviously d+(A) =min{|λ1|, . . . , |λn|}. 
Theorem 3.2. The quantities in+ and d+ satisfy in+(T ) d+(T ) for every operator T , but they are not equivalent.
Proof. Let T ∈ L(X, Y ). If A ∈ Φ+(X, Y )c is arbitrary, then in+(A) = 0, so that
in+(T ) = in+
(
A + (T − A)) in+(A) + ‖T − A‖ = ‖T − A‖,
whence in+(T ) d+(T ).
In order to show that in+ and d+ are not equivalent, we take a complex inﬁnite-dimensional hereditarily indecomposable
Banach space X , ﬁx a positive integer n, and select inﬁnite-dimensional, closed subspaces Mi of X (i = 1, . . . ,n) such that
Mn ⊂ Mn−1 ⊂ · · · ⊂ M2 ⊂ M1 = X
and the quotient spaces Mi−1/Mi are inﬁnite-dimensional (i = 2, . . . ,n).
We claim that L(Mi,M j) = In(Mi,M j) for i = j.
Indeed, suppose i < j. If there exists S ∈ L(Mi,M j) which is not inessential, then S is not strictly singular. By Proposi-
tion 2.2, S ∈ Φ+ , and denoting by J the inclusion of M j into Mi , we have that J S ∈ Φ+(Mi) and ind( J S) = −∞, in contra-
diction with Proposition 2.4. Thus L(Mi,M j) = In(Mi,M j), and applying [5, Proposition 1] we get L(M j,Mi) = In(M j,Mi),
which completes the proof of the claim.
We consider the space Zn = M1 × M2 × · · · × Mn endowed with the summing norm.
Fix a real number δ with 0 < δ < 1 and consider the operator Tn : Zn −→ Zn deﬁned by
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Note that
Tn =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
δ I1 − J2 0 · · · 0 0
0 δ I2 − J3 · · · 0 0
0 0 δ I3 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · δ In−1 − Jn
0 0 0 · · · 0 δ In
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
where Ii : Mi −→ Mi is the identity operator and J i : Mi −→ Mi−1 is the inclusion operator, which is inessential. Thus Tn is
the sum of a diagonal operator and an inessential operator:
Tn =
⎛
⎜⎜⎜⎜⎜⎝
δ I1 0 · · · 0 0
0 δ I2 · · · 0 0
...
...
. . .
...
...
0 0 · · · δ In−1 0
0 0 · · · 0 δ In
⎞
⎟⎟⎟⎟⎟⎠+
⎛
⎜⎜⎜⎜⎜⎝
0 − J2 · · · 0 0
0 0 · · · 0 0
...
...
. . .
...
...
0 0 · · · 0 − Jn
0 0 · · · 0 0
⎞
⎟⎟⎟⎟⎟⎠ .
Applying Proposition 3.1, we obtain d+(Tn) = δ.
On the other hand, let
N = {(m, δm, . . . , δn−2m, δn−1m): m ∈ Mn}.
Hence if y = (m, δm, . . . , δn−2m, δn−1m) ∈ N with m ∈ Mn , we obtain
‖y‖ = (δn−1 + δn−2 + · · · + δ + 1)‖m‖
and
‖Tn y‖ =
∥∥(0, . . . ,0, δnm)∥∥= δn‖m‖.
Consequently
‖Tn JN‖ = sup
(δn−1+δn−2+···+δ+1)‖m‖=1
δn‖m‖ = δ
n
(δn−1 + δn−2 + · · · + δ + 1) < δ
n,
so ‖Tn JN‖ −→ 0 as n −→ ∞.
In summary, given 0 < δ < 1, we can choose operators Tn such that
in+(Tn) < δn and d+(Tn) = δ,
showing that the quantities in+ and d+ are not equivalent. 
Remark 3.3. The construction of the operators Tn in the previous proof is inspired by the counterexample to the perturbation
classes problem for Φ+ given in [6].
In the proof of Theorem 3.2, the operators Tn act on different spaces Zn . Let us see that we can adapt the construction
so that all the operators act in the same space.
Given a sequence (Xk) of Banach spaces, we consider the Banach space
2(Xk) :=
{
(xk): xk ∈ Xk,
∞∑
k=1
‖xk‖2 < ∞
}
.
Proposition 3.4. There exist a Banach space Z and a sequence of operators (Sn) in L(Z) such that in+(Sn)/d+(Sn) → 0 as n → ∞.
Proof. We consider the spaces Zk and the operators Tk ∈ L(Zk) in the proof of Theorem 3.2, take Z = 2(Zk), and consider
the diagonal operators Sn ∈ L(Z) deﬁned by
Sn(zk) := (yk), where yk = zk for k = n and yn = Tnzn.
Obviously, in+(Sn) in+(Tn), and proceeding in a similar way as in the proof of Theorem 3.2 we can show that d+(Sn) =
d+(Tn). 
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Recall that the Banach space Y has the λ-extension property if given a Banach space X and a closed subspace Z of X , for
each operator B ∈ L(Z , Y ), there exists an operator S ∈ L(X, Y ) which is an extension of B and satisﬁes n(S) λn(B). The
space ∞(Γ ) of bounded scalar families indexed in a set Γ and the space L∞(μ) of essentially bounded functions with
respect to a positive measure μ have the 1-extension property [11, Section C.3].
Proposition 3.5. Let X and Y be Banach spaces.
(a) Suppose that X is a Hilbert space. Then d+(T ) = in+(T ) for every T ∈ L(X, Y ).
(b) Suppose that Y has the λ-extension property. Then d+(T ) λ in+(T ) for every T ∈ L(X, Y ).
Proof. Let δ > 0 with in+(T ) < δ. Then there exists a subspace M ∈ S(X) such that n(T JM) < δ.
(a) Any x ∈ X can be written as x = y + z, with y ∈ M and z ∈ M⊥ , the orthogonal of M . The operator A : X −→ Y ,
deﬁned by Ax := −T y veriﬁes n(A) = n(T JM) < δ. Moreover, T + A is an operator with inﬁnite-dimensional null space
M ⊕ (N(T ) ∩ M⊥). Then T + A ∈ Φ+(X, Y )c , hence d+(T ) < δ, and the result is proved.
(b) In this case there is S ∈ L(X, Y ) such that S JM = T JM and n(S) λn(T JM). Hence the null space of S − T contains
to M , so S − T ∈ Φ+(X, Y )c . Consequently d+(T ) < λδ. 
Remark 3.6. The arguments in the proof of Proposition 3.5 show that taking in part (a) a space X isomorphic (instead of
isometric) to a Hilbert space, there exists some λ so that d+(T ) λ in+(T ) for every T ∈ L(X, Y ).
Now we obtain the corresponding results for the lower semi-Fredholm operators.
Given a closed subspace U of Y , by QU we denote the quotient operator from Y onto Y /U , and Q (Y ) := {U ⊂
Y : U is a closed inﬁnite-codimensional subspace of Y }.
Deﬁnition 3.7. Let X be a Banach space and let Y be an inﬁnite-dimensional Banach space. For T ∈ L(X, Y ) we deﬁne
in−(T ) = inf
U∈Q (Y )n(QU T ).
The quantity in− was introduced by Weis [14]. It characterizes the class Φ− as follows:
T is lower semi-Fredholm ⇐⇒ in−(T ) > 0.
We denote by X∗ the dual space of X and by T ∗ ∈ L(Y ∗, X∗) the conjugate operator of T ∈ L(X, Y ). It is well known that
T ∈ Φ+(X, Y ) if and only if T ∗ ∈ Φ−(Y ∗, X∗).
The following result is a direct consequence of the duality relations between closed subspaces and quotients.
Proposition 3.8. Let X, Y be reﬂexive Banach spaces. Then for every T ∈ L(X, Y ), in−(T ∗) = in+(T ) and d−(T ∗) = d+(T ).
Proof. A closed subspace M of X is inﬁnite-dimensional if and only if its annihilator M⊥ is inﬁnite-codimensional in X∗ .
Moreover, since X is reﬂexive, every closed inﬁnite-codimensional subspace of X∗ is the annihilator of a subspace in X .
Given a closed subspace M of X , we can identify M∗ with the quotient space X∗/M⊥ [4, Theorem I.6.4], and ( JM)∗ with
QM⊥ . Therefore,
in+(T ) = inf
M∈S(X)n(T JM) = infM∈S(X)n
(
QM⊥ T
∗)= inf
W∈Q (X∗)n
(
QW T
∗)= in−(T ∗).
For the second equality observe that, since Y is reﬂexive, every A ∈ L(Y ∗, X∗) is the conjugate of an operator B ∈ L(X, Y )
[4, Theorem II.2.16]. Therefore
d+(T ) = inf
A∈Φ+(X,Y )c
n(T − A) = inf
A∈Φ+(X,Y )c
n
(
T ∗ − A∗)= inf
B∈Φ−(Y ∗,X∗)c
n
(
T ∗ − B)= d−(T ∗). 
Theorem 3.9. The quantities in− and d− satisfy in−(T ) d−(T ) for every operator T , but they are not equivalent.
Proof. Let T ∈ L(X, Y ). If A ∈ Φ−(X, Y )c is arbitrary, then in−(A) = 0, so that
in−(T ) = in−
(
A + (T − A)) in−(A) + ‖T − A‖ = ‖T − A‖,
whence in−(T ) d−(T ).
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space X , spaces Zn and operators Tn as in the proof of Theorem 3.2, and we additionally assume that X is reﬂexive. We
refer to [9] for the existence of this space.
Note that the spaces Zn are reﬂexive. Thus, by Proposition 3.8, in−(T ∗n ) = in+(Tn) → 0 as n → ∞, and d−(T ∗n ) = d+(Tn) =
δ > 0 for each n. Thus the quantities in− and d− are not equivalent. 
Remark 3.10. When the space X in the proof of Theorem 3.2 is reﬂexive, 2(Zk) is also reﬂexive. Thus, taking the operators
(Sn) ⊂ L(Z) in Proposition 3.4, in−(S∗n) → 0 as n → ∞ and d−(S∗n) = δ > 0 for each n.
Now we obtain the dual version of Proposition 3.5. Let λ be a number with 1  λ < ∞. Recall that a Banach space
X has the λ-lifting property if given δ > 0, a Banach space Y and a quotient Z of Y , and denoting by Q ∈ L(Y , Z) the
quotient map, each operator B ∈ L(X, Z) can be lifted to an operator S ∈ L(X, Y ) (i.e., B = Q S) with n(S)  λ(1 + δ)n(B).
The space 1(Γ ) of absolutely summable scalar families indexed in a set Γ has the 1-lifting property, and every space with
the λ-lifting property is isomorphic to 1(Γ ) for some Γ [11, Section C.3].
Proposition 3.11. Let X and Y be Banach spaces.
(a) Suppose that X has the λ-lifting property. Then d−(T ) λ in−(T ) for every T ∈ L(X, Y ).
(b) Suppose that Y is a Hilbert space. Then d−(T ) = in−(T ) for every T ∈ L(X, Y ).
Proof. Let δ > in−(T ). Then there exists U ∈ Q (Y ) such that n(QU T ) < δ.
(a) Suppose that X has the λ-lifting property. In this case, given ε > 0, there is S ∈ L(X, Y ) such that QU T = QU S and
n(S)  (1 + ε)λn(QU T ). As R(S − T ) ⊂ U , we have that S − T ∈ Φ−(X, Y )c and n(S)  (1 + ε)λδ. From this we obtain
d−(T ) λ in−(T ).
(b) Suppose now that Y is a Hilbert space and denote by P the orthogonal projection on U⊥ . The operator A ∈ L(X, Y )
given by Ax := −P T x veriﬁes n(A) = n(QU T ) and R(T + A) ⊂ U . Then T + A ∈ Φ−(X, Y )c , hence d−(T ) < δ. 
Remark 3.12. The arguments in the proof of Proposition 3.11 show that taking in part (b) a space Y isomorphic (instead of
isometric) to a Hilbert space, there exists some λ so that d−(T ) λ in−(T ) for every T ∈ L(X, Y ).
Acknowledgments
The authors are thankful to the referees for their comments which have improved the readability of the paper.
References
[1] P. Aiena, Fredholm and Local Spectral Theory, with Applications to Multipliers, Kluwer Acad. Publ., Dordrecht, 2004.
[2] V. Ferenczi, Hereditarily ﬁnitely decomposable Banach spaces, Studia Math. 123 (1997) 135–149.
[3] F. Galaz-Fontes, Measures of noncompactness and upper semi-Fredholm perturbation theorems, Proc. Amer. Math. Soc. 118 (1993) 891–897.
[4] S. Goldberg, Unbounded Linear Operators, McGraw–Hill, New York, 1966.
[5] M. González, On essentially incomparable Banach spaces, Math. Z. 215 (1994) 621–629.
[6] M. González, The perturbation classes problem in Fredholm theory, J. Funct. Anal. 200 (2003) 65–70.
[7] M. González, A. Martinón, Operational quantities derived from the norm and measures of noncompactness, Proc. R. Irish Acad. 91A (1991) 63–70.
[8] M. González, A. Martinón, Operational quantities characterizing semi-Fredholm operators, Studia Math. 114 (1995) 13–27.
[9] W.T. Gowers, B. Maurey, The unconditional basic sequence problem, J. Amer. Math. Soc. 6 (1993) 851–874.
[10] A. Martinón, Distortion of Banach spaces and supermultiplicative operational quantities, J. Math. Anal. Appl. 363 (2010) 655–662.
[11] A. Pietsch, Operator Ideals, North-Holland, Amsterdam, 1980.
[12] M. Schechter, Quantities related to strictly singular operators, Indiana Univ. Math. J. 21 (1972) 1061–1071.
[13] H.-O. Tylli, On the asymptotic behaviour of some quantities related to semi-Fredholm operators, J. Lond. Math. Soc. 31 (1985) 340–348.
[14] L. Weis, Über strikt singuläre und strikt cosinguläre Operatoren in Banachräumen, Doctoral Dissertation, Univ. Bonn, 1974.
[15] L. Weis, Perturbation classes of semi-Fredholm operators, Math. Z. 178 (1981) 429–442.
[16] J. Zemánek, Geometric characteristics of semi-Fredholm operators and their asymptotic behaviour, Studia Math. 80 (1984) 219–234.
